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Abstract. We establish that particular quotients of the non-commutative 
Hardy algebras carry ergodic actions of convergent discrete subgroups of the 
group SU(n, 1) of automorphisms of the unit ball in C n . To do so, we provide 
a mean to compute the spectra of quotients of noncommutative Hardy algebra 
and characterize their automorphisms in term of biholomorphic maps of the 
unit ball in C" . 



We establish that given any discrete subgroup T of SU(n, 1) such that the orbit of 
for the action of T on the open unit ball M n of C n satisfies the Blaschke condition: 

£(i-ll7(o)Hc»)<°°, 

■yer 

there exists a quotient algebra of the noncommutative Hardy algebra F£° whose 
group of weak* continuous automorphisms is the stabilizer T of the orbit of for 
r in B„. Moreover, T acts ergodically on this quotient algebra. Our methods rely 
heavily on the theory of analytic functions in several variables. 

The noncommutative Hardy algebra Ffi° is the weak-operator closure of the left 
regular representation of the free semigroup on n generators, and it is a noncom- 
mutative analogue of the Hardy algebra (Bi) [7]. Our motivation for this study 
is to explore the very rich ideal structure of F£° , as well as the structure of auto- 
morphism groups of non-self-adjoint operator algebras. This paper is based upon 
the remarkable result of Davidson and Pitts [3j Theorem 4.11] that the group of 
completely contractive automorphisms of is SU(n, 1), i.e. the same group as 
the group of biholomorphic maps from B n into itself [3j Lemma 4.9]. See also 
[T5] and [TT] for other approaches to this fact. We recall that SU(n, 1) is the Lie 
group of (n + 1) x (n + 1) matrices of bilinear maps on C™ preserving the canonical 
sesquilinear form of signature (l,n). 

Let us recall the definition of F£° [7]. Let n 6 N with n > 0. The full Fock space 
F 2 (C n ) is the completion of: 

(C n f k = CffiC"ffi (C™ g> C") © (C n ® C n » C") © • • • 
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for the Hilbcrt norm associated to the inner product (.,.} defined on elementary 
tensors by: 



where (., .) c „ is the canonical inner product on C". Let {ei, . . . , e n } be the canonical 
basis of C™ and, naturally, let 1 be the canonical basis of C. We define, for each 
j £ {1, . . . , n}, an operator Sj on F% (C™) by: 

Sj (ejj <g) • • • ® ej m ) = ej ® ei 1 ® ■ ■ ■ ® a m and Sj (1) = ej. 

The operators Si, ... , S„ are called the left creation operators, and we observe that 
Sj=i SjSj — 1j i- e - [^i ' ' ' ^n] * s a row contraction. The weak-operator-topology 
closure of the algebra generated by {1, Si, . . . , S„} is the noncommutativc Hardy 
algebra F£°. The fundamental property of F£° is that, given any separable Hilbert 
space TL and any n-tuplc T = (Ti, . . . , T n ) of operators on % such that J2'j=i TjT? < 
1, there exists a unique completely contractive algebra homomorphism ttt from 
F£° into the algebra of bounded linear operators on T-L such that ttt(Sj) = Tj for 
j = 1, . . . , n, and we note that this map is weak* continuous. This property was 
established by Popescu [7] and in [9] using a noncommutative generalization of the 
Poisson transform. As a matter of notation, we will write <p (Ti, . . . , T n ) for the 
operator ttt ((f) whenever ip € F£°. The algebra F£° plays a very important role 
in interpolation theory, among other matters, and many results valid for the Hardy 
algebra H°° (Bi) can be extended to F£°. 

The Banach space F%° is a dual space and thus can be endowed with the cor- 
responding weak* topology, which agrees with the restriction of the weak-operator 
topology to F£°. In this paper, we will refer to this topology on F£° as the weak* 
topology on F£° [3] . We also note that Davidson and Pitts use the notation C n for 
F£° but we shall prefer Popescu's notation to emphasize the connection with the 
Hardy algebra. 

In this paper, we define the spectrum of an operator algebra as the space of 
all weak* continuous scalar-valued algebra homomorphisms, endowed with the 
a (F£°* , F r ^°) topology (i.e. the weak* topology on the dual of F£°). As a con- 
sequence of the fundamental property of F£°, we note that the spectrum of F£° 
consists exactly of the maps tt : F£° — > C such that Y^j=i < 1; an( i onc 

checks that indeed the spectrum is homeomorphic to M n [8]. 

While we use Popescu's F£° in this paper, one should observe that all our quo- 
tient algebras are in fact commutative. Indeed, we quotient F£° by intersections 
of kernels of scalar-valued algebra homomorphisms, which always contain the com- 
mutator ideal of F£° . Hence, all our constructions factor through the multiplier 
algebra of the symmetric Fock space, as studied in [2]. 

This paper is organized as follows. The first section provides a functional mean 
to compute the pseudohyperbolic metric on B n which will prove important for our 
purpose. We then compute the spectrum of a large class of quotient algebras of 
F£°. We then conclude that some of these quotients admit a discrete subgroup of 
SU(n, 1) as their group of automorphism. 




otherwise, 
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Last, as a matter of notation, we will denote the norm on a Banach space E by 
||.|| E where there is no ambiguity. The norm ||.|| c „ is the canonical hermitian norm. 

1. Spectra of Quotients of 

This section addresses the duality between the process of associating an ideal of 
F£° to a subset of the open unit ball M n of C™ and the computation of the spectrum 
of a quotient of F£°. To this end, we first observe that since F£° is a dual space, 
given any weak* closed ideal J in F£° , the space F£° j J is dual to the polar J° of 
J in the predual of F£°, and thus can be endowed with the weak* topology. We 
can thus define: 

Definition 1.1. Let J be a weak* closed two-sided ideal in F£° . A weak* con- 
tinuous unital algebra homomorphism from F£° / ' J to C is called a weak* scalar 
representation of F^ 3 / ' J , or when no confusion may arise, a representation of 

Definition 1.2. Let J be a weak* closed two-sided ideal in F£° . We define the 
spectrum T,(F^ C /J') of F£° / 'J as the set of all weak* scalar representations of 
F£° J 'J , endowed with the weak* topology of the dual of F£° / 'J '. 

Let us note that this definition involves two distinct topologies. As a set, 
£ / J) is defined as the collection of scalar valued unital algebra homorphisms 
of F£° which are continuous for the weak* topology of F r f / J seen as the dual 
space of J° . On the other hand, the topology on £ {F™ / J) is the restriction of 
the weak* topology of the dual {F^/J)* of F~ /J. 

Now, by [7], for any A = (Ai, . . . , A„) G B„ we can define a unique representation 
tt\ of F£° such that n\(Sj) — Xj with j = 1, ...,n. Moreover, by [Jj the map 
A G B„ (-» 7Ta is an homeomorphism. Given any ip G F£°, we denote tt\ (i^) by 
<p(\), thus using duality to see elements of F£° as functions on B„. With these 
notations, we have the following standard result: 

Proposition 1.3. Let J be a weak* closed two-sided ideal in F^° . Then: 

E (F,f/J) = {z e B„ : e J ip [z) = 0} . 

Proof. The canonical projection q : F,%° — > F^ / J is weak* continuous, and thus if 
7r is a weak* continuous algebra homomorphism from F£° j J to C then noq is in the 
spectrum of F£°. Conversely, if n is in the spectrum of F£° such that n {J) = {0} 
then 7r defines an element of the spectrum of F^ / J . We thus have proven that 
the spectrum of F™/J is given by {z G B„ : Vip G F£° ip (z) = 0}. □ 

We observe that, by Proposition f| 1 . 3[) . if ip G F£° / J , where is a weak* closed 
two-sided ideal in F™, and A G £ (F£°/J) then ip (A) is well-defined as the common 
value of ip (A) for ip G F£° such that ip + J = ip (where ip + J is the class of ip in 
F£° I J) . Now, we can use this function representation of F£° / J on its spectrum to 
associate a natural holomorphic map to any automorphism <f> of Ffi° /J '. Indeed, if 
7r is a weak* scalar representation of F£° / J then so is 7r o $ for all weak* continuous 
automorphism of F£° / ' J ' . Hence, we can define the following: 
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Definition 1.4. Let J be a weak* closed two-sided ideal in F£° . Let $ be a 

weak* continuous automorphism of ' F£° / ' '■ The dual map $ o/$ is defined for all 
A 6 £ (F™/J) by: 

$(A)-($- 1 (5 1 )(A),...,<f- 1 (^i)(A)). 

Definition 1.5. The group of weak* completely isometric continuous automor- 
phisms of F^/J is denoted by Aut (F£°/J). 

It is an immediate observation that the map $ S Aut (F^° / J) H > $ is a group 
homomorphism to the group of homeomorphisms of £ (F£° j ' J) (in particular, map- 
ping the identity to the identity) such that: 

V<peFS°/J VAe£(F n °%7) $M(A) = ^($- 1 (A)). 

Although, for general completely contractive homomorphism $, one would be 
inclined to define the dual of $ as $' : A € £ {F™/J) i-> ($ (5,-) (A)) j=1 ; „, the 
resulting map restricted to automorphisms would be valued in the opposite of the 
group of homeomorphisms of £ (F^/jJ), which will be inconvenient. Hence, we 
adopt our modified definition in this paper, to obtain a group morphism. This is 
the same definition as in [3] when J — {0}. 

Although a priori only a topological space homeomorphic to B n , the spectrum 
£ (F£°) is in fact endowed with a complex structure via its relation with F£° [7]: 
the maps ip defined by elements of on B„ are holomorphic, and so are the dual 
maps of automorphisms [3J Theorem 4.11]. These results can be extended to more 
general complex domains [TU] . This allows us to use techniques from the theory of 
analytic functions in several complex variables, as in pQ. 

Our main focus in this section are the following two related notions: 
Definition 1.6. Let A C B n . The Nevanlinna ideal for A in F^ is: 

JV A = W e F™ : Mz e A ip{z) = 0} 
and the quotient of F^ localized at A is F£° A — /A/a- 

Definition 1.7. Let A CB„. The spectrum of F£° A is called the spectral closure 
of A and is denoted by A . 

2 

By Proposition f|l .3[) . given A C B„, we always have A C A . In general, we 
can have A C A , as shown for instance when A = {0, — : n S N,n > 0} c Bi, 
since there is no nonzero holomorphic function which is null on A, so A =Bi. In 
other words, the main issue when relating A C B n with A is that the Nevanlinna 
ideal A/a may be null. It is well-known [6l 9.1.4, 9.1.5] that, for n = 1, a set A is 
the zero set for some holomorphic function if and only if it satisfies the Blaschke 
condition, i.e. A = {Xj : j 6 N} with Y^jLa (1 — l^il) < 00 • Under this condition, 
the Blachke product associated to A is a holomorphic function which is zero exactly 
on A. Unfortunately, such a result does not hold in higher dimension [5, Ch. 9]. 
However, we shall now prove that the Blaschke condition is still sufficient to ensure 
that A = A S in B„. 
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To this end, we shall use the geometry of B„ by providing a formula connecting 
the Poincare pseudohyperbolic metric on B„ with the unit ball of F 7 ^° . As a tool for 
our proof, we will use the following lemma, which is a special case of |12l Theorem 
8.1.4] and which will hnd a role in the next section as well. We include a proof of 
this lemma for the reader's convenience. 

Lemma 1.8. Let <p be a holomorphic function from B n to B^ for some nonzero 
natural k and such that tp(0) = . Then for all z £ B n we have \\tp(z)\\ ck < ll z llc™- 

Proof. Let zel„. Since the result is trivial for z = 0, we shall assume z ^ 0. Let 
6 : C fe — > C be a linear functional of norm 1 (for the dual norm to the canonical 
Hermitian norm on C*) such that |6*o<£>(z)| = \\tp (z)|| cfc . We define the map 

tp% : Bi — > Bi by <p 9 z (t) = 9 o tp (*pf^) for * 6 Bi. By construction, ip e z is 

holomorphic from the unit disk into itself and p® (0) = 0. Hence, by the Schwarz 
lemma, we have for all t £ B x that \tp z (t)\ < \t\. In particular: 



Poincare's pseudohyperbolic metric on the open unit ball B„ of C™ between 
two points z and w can be defined as the Euclidean distance p between and 
the image of w by any biholomorphic function of the ball which maps z to 0. As 
customary in complex analysis, we will refer to biholomorphic maps of B„ onto 
itself as automorphisms of B„. We show that it is also possible to compute this 
distance by using F£°. 

Proposition 1.9. Let p be the Poincare pseudohyperbolic metric on B„. For any 

z, w 6 B„ we have: 

p (z, w) = max | \p(z)\ : p> £ F£° with \\tp\\ Feo < 1 and tp (w) = j . 

Proof. We define for all z, w £ B n the quantity 

n(z,w) — sup ||<£)(z)| : tp £ F£° with ||<y9|| Foo < 1 and tp (w) = 1 . 

We wish to show that r/ = p and that the supremum defining r/ is, in fact, reached. 

First, we prove that 7/ is invariant under the action of SU(n, 1) on B ra . Let 
z, w G B„ and let $ be an automorphism of B„. There exists by [5] a unique 
automorphism $ of F£° such that, for all to £ B n and tp £ we have: 



(Of course, we could denote this automorphism of F£° by $ rather than $ 1 but 
we prefer to keep the notations for dual map consistent in this paper). 



\\4 C n>H(\\4) =\0otp(z)\ = \\tp( Z )\ 



Hence our lemma is proven. 



□ 
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As an automorphism of F£° is an isometry and thus maps the unit ball of F^ 
onto itself. Thus: 



77 (z) , $ (w)j = sup < tp (z) 



IMIf- < l, 
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(8 («,)) 



sup^ 1$ 1 (¥>)(*) 



II*- 1 ML- <i, 

$ _1 (95) (w)"= 



sup I \ip(z)\ 



M F =o < 1, 

v>h = 



T)(Z,W). 



In particular, ry (z, w) = rj (w, z) as there exists an automorphism of B„ which maps 
z to w and vice- versa. Thus, it is enough to prove that, for any z £ B„, we have 
p (0, z) = ||z|| c „ ■ This would suffice to show that rj is the Poincare pseudohyperbolic 
metric p on B n . 

Let us fix z 6 B„. Since r\ (0, 0) = 0, we may as well assume z ^ 0. Let tp £ F£° 
such that ||<p|| F oc < 1 and <p (0) = 0. By Lemma (|1.8|) . we have |y(z)| < ||z|| c „ so 
rj (0, z), which is the supremum of \<p (z)\ for ip E F^ with ||y>|| Foc < 1 and <p(0) = 0, 
is bounded above by ||z|| c „. On the other hand, observe that for any a\, . . . ,a n £ 

C n , if cp = then the norm of tp is ||y*y| 



since S*Sk —5^1. If we write z = {z\,. 



B(F») 



which equals yX)i=i l a 



-5'; 



we see that ^ e with y> z (0) 
desired. We conclude that 77(0, z) 



then, choosing <p x = YJj=i J^z 

So ||z|| c „ < 77 (0, z) as 
and this supremum is reached at ip z . □ 



and \ip z (z) = ||z|| 



We now can prove that the Blaschke condition is sufficient for a subset A of 
B„ to equal its spectral closure. We start with the following lemma which uses an 
important estimate from the theory of functions on B„. 

Lemma 1.10. Let {Xj : j £ N} C B„. Let tp be an automorphism o/B„ such that 
ip(Q) ^ 0. Then: 

OO OO 

£(l-[[A i || CB )<oo £(l-|[v(A J -)llc-)< 00 - 

3=0 J=0 

Proof. We denote ||.|| c „ by ||.|| in this proof. Let a = </3 _1 (0) and note that o^0 
by assumption. Using p21 Theorem 2.2.2 p. 26], we have for all z £ B„: 

(1-IMI 2 ) (i + ||*[|) 

1 - II? (*)|| = jfr |, ; ^ h , n (1 - Ml) 
(! + HvOOII) I 1 - (a,z}\ 

where (., .} is the canonical inner product in C™. Since, for all z £ B„, we have: 

1-H 2 (1-IHI 2 ) (i+jj) 2 

0< 2 " (l + ||^(z)||)|l-(a,z}| -1-H" 
The result follows. □ 
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Theorem 1.11. Let A = {Xj : j G N} C B„. #X°1 Q i 1 ~ ll A jll C ») < 00 then the 
weak* spectrum E (F™ A ) of F™ A = F™/N A is A. 

Proof. Assume given A = {Aj ■ : j G N} C B„ with ^°1 ( 1 — 1 1 Aj 1 1 c „ ) < 00 . Let 

z G B„\A. We wish to show that there exists ip G A/a such that <p (z) ^ 0. Let $ be 
an automorphism of B n which maps z to 0. By Lemma (|1.9p . for each j g N there 

exists (fj G such that ||^j|| c „ < 1, ¥>i($(Aj)) = and $(Aj) = (0). 

3 

Fix j G N. We define the element tpj = ]^[<y2/c G F£°. By construction, wc 



fe=0 



have llV'jIliroo < 1, as well as ipj (0) = 3>(Aj) 



and 



^ (*(A fc ) 



for 



k G {0, . . . , j}. Now, the unit ball of F£° is weak* compact, so we can extract a 
subsequence of [ipj)j € ^ which converges in the weak* topology to some V G i^f 3 . 
We recall that by definition, the notation tp(fJ.) refers to 7r M (ip) where 717, is the 
unique unital weak* continuous algebra homomorphism from to C mapping 
the canonical generators Si , . . . , S n of F£° to . . . , fi n with fi = . . . , fx n ). 
Hence, by continuity, we have in particular, since X)^Lo (l — IAjIIc") ^ 00 ' usm S 



Lemma (|1.10[) , we have J^'jLo (l — pC\7 



< 00 and thus: 



^(0) 



3=0 



> 0. 



Hence ^>(0) 7^ while ip = by construction as well. Thus, if $ is the 

automorphism of F^ whose dual map is <£> and if we set ip = (1/)), we see that 

Since the reverse inclusion is 

□ 



Thus A E C A. 



ip G A/a while (p(z) =^ so z g 1 A 
Proposition fj 1 .3(1 . our theorem is established 



2. Automorphism groups of quotients of F 7 



This section establishes that, under a natural condition of convergence, it is pos- 
sible to choose many discrete subgroups of SU(n, 1) as full automorphism groups 
of some operator algebras obtained as quotients of F£° . We shall call any biholo- 
morphic from B„ onto B„ an automorphism of B„ . The group of automorphisms 
of B„ is denoted by Aut (B„). 

We start with an easy consequence of [3]: 

Lemma 2.1. Let A C B„. Let <j> be an automorphism of B n such that (p ^A ^ C 
s\ 

A . Then there exists an automorphism <I> of F£° such that $ = and $ (A/a) Q 
Aa, so that $ induces an automorphism of F£°/J\f A . 

Proof. If <p is any automorphism of B n such that 4> (A S ) C A S , then by [3] there 
exists a unique automoprhism $ of such that _1 is the dual map of $ on 
the spectrum B n of i 7 ^. Now, let a; G Aa. By construction, if A G A then 
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$(x)(A) = x(<f>(\)) = since 0(A) G A S . Hence $ (A/a) C A/a and thus $ 
induces an automorphism of F£° A . □ 



The converse implication, i.e. that any automorphism of F£° /A/a is given by an 
automorphism of B„ which maps the spectrum to itself, is the subject of the rest 
of this paper. To this end, we shall use the following special case of [12l Theorem 
8.2.2]: 

Lemma 2.2. Let $ : B„ — > B„ be a holomorphic map with $(0) = 0. If the set 
{A G B„ : $(A) = A} of fixed points o/<J> spans C™, then $ is the identity. 

Proof. Our assumption implies the existence of a basis of invariant vectors for the 
Frechet derivative $'(0) of $ at 0, so $'(0) is the identity on C™. By [TH Theorem 
8.2.2], $ has the same invariant points as 3>'(0), hence our lemma. □ 



We now establish the key result for this section. The class of x G F£° in F£° A is 
denoted by x + A/a- To make the proof of Theorem (|2.9I) clearer, we organize it as 
a succession of lemmas. The first step is to construct automorphisms of B„ from 
automorphisms of F£° A (A C B„). 



£ 

Lemma 2.3. Let A C B n such that A spans C n . Let $ be a completely contractive 
automorphism of F^° A . Then there exists tpi, . . . ,ip n G F£° such that: 

• We have \\[cpi, . . .,<p n ]\\ Ml „ (F ~) ^ 1 > 

. We have (S j + A/a)] ' = [<Pj] j=1 ,..., n + M hn (A/a), 

• The dual map $ of $ on the spectrum A of F£° A is given by A (->• 



(<Pl (A),-.-,^n(A)), 
• TTie map $ = (tpi, . . . , cp n ) is a biholomorphic map from B„ onto B„. 

Proof. Let <!> be an automorphism of F°° A . The element: 

[$- x (5! + A/a) • • • (S„ + A/a)] G Mi, n (F~ A ) = M hn (F~) /M 1)n (A/a) 

is a row contraction, since [Si • • • S n ] is and $ is completely isometric, hence so is 
Now, by definition: 



1 > || [S- 1 (Si + A/a) ••• $ _1 (5 n +jV"A)]| 

inf ||[V>1 ••• 1pn]\\ Ml rpco). 

3=X,...,n 



Mi,„(F- A ) 



Since the unit ball of is weak* compact, and hence so is the unit ball of 
M 1:n (F£°), and since A/a is weak* closed, we can find cpx, ...,<p n G such that 
II [<Pi ■ ■ ■ <Pn]\\ Ml>n = 1 and: 

[^(Si+ATa) ••• ^(Sn+A^A)] =bl ••• p„] + Mi, n (AT A ) . 
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Now, let $ be the dual map of $ on A S . Note that in particular <I> (a^ Q 
A S C B„. Let A £ A S . Then: 

$ (A) = ( (5j + A/a)] (A) , . . . , (S„ + A/a)] (A)) 
= ((Pi +AAa)(A),...,^„+A/a(A)) 

= (ipi (A) , . . . , <^ n (A)) since for all 6 e A/a we have (A) = 0. 

^ ^ 

Thus <J> := (<£3i, . . . , ip n ), which is a holomorphic map from B„ to B„ (since 

\\[(pi ■■■ <p n ]\\ < 1), is an analytic extension of $ to B n . Now, let z £ B„ and 
suppose that <£> (z) lies on the boundary of B„. Then, up to conjugating 3> by 
a biholomorphic map, we may as well assume that $ (0) lies on the boundary of 
B„. Again, up to conjugation by a unitary, we may as well assume that $ (0) = 
(1,0,..., 0). Thus ^i(0) = 1 and fi : Bi — > Bi is holomorphic. We conclude by the 
maximum modulus principle that is the constant function 1 on Bi. Therefore 
ip% = . . . = (p n = 0. Therefore, $ maps all of B„ to a constant value on the 
boundary of B„, which contradicts the fact that <& ( A CB„. Hence, $ is a 
holomorphic map from B„ into B n . 



With the same technique, we can construct a holomorphic map $ from B„ 
into itself whose restriction to A is the map <I> _1 dual to the inverse of <1> on 
A S . 

Now, by construction, <E>~ o $ (A) = A for all A £ A and $ o $ is a 

5] 

holomorphic function from B„ to B„. Since the span of A is C™, we conclude with 
< — > ^— > 

Lemma (|2.2|) that $ o $ is the identity of B„. The same exact reasoning shows 

that $ o $ is also the identity of B„ . 

This concludes our lemma. □ 

Our next lemma establishes that the map $ £ Aut (F£° A ) H> $ which maps 
an automorphism of F£° A to its dual map on the spectrum of F£° A is in fact a 
group monomorphism when A spans C™. We briefly recall from [7] the following 
construction. We abbreviate the notation F 2 (C„) into F 2 . Given a vector £ 6 
F%, we define ||£|| as the supremum of ||£ ® r?|| F2 over finite linear combination of 
elementary tensors ij in with ||?y|| F 2 < 1- If £ S i 7 ^ and ||£|| < oo then the 
operator rj £ 4 ( ® i), still denoted by £, is a well-defined linear operator of 
norm ||£||. From [7], we see that F™ = {£ £ F% : ||£|| < oo} and ||-|| = \\-\\ Faa . We 
also note that ||-|| FO o > IHI_f2. With this identification in mind, we show: 

Lemma 2.4. Let A C B„ such that A spans C". Let $ be a completely contractive 
automorphism of F^ A . // the dual map $ of $ on t/ie spectrum A o/ F^° A is </ie 
identity, then $ is i/ie identity. 

Consequently, $ 6 Aut (F£° A ) i— ^ $ which maps an automorphism of F£° A to its 
dual map is a group monomorphism. 

Proof. By Lemma ()2.3|) there exists y>i, . . . , (p n £ F£° such that: 

+ A/ A )] J . =1 .,. n = [^] i= i...„ + Ml,n (A/*a) 
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^ y £i ^ y 

and [tpj] =1 < 1. Now, $ = ((^i, . . . , <y9„) fixes A by assumption, so <I> 

is the identity by Lemma (|2.2j) . So i/3j = Sj + Cj for some C,- £ F£° such that 
Cj (A) = for all A £ B„, where j = 1, . . . ,n. Hence Cj lies in the ideal of F£° 
generated by SjSk — SkSj (k,j = l,...,n). 

Let j £ {1, . . . , n}. Let ej be the j th canonical basis vector in C™ and let £j £ i 7 ^ 
such that Cj (rf) = £,j <E) n for all T) £ F% . Then £j is orthogonal to ej in i 7 ^ and 
therefore: 

i > hoWl- > \\e, = yt^T^oE^. 

Since 1 1 e 3 - 1 1 = 1 we conclude £j = and thus Cj — . Hence $ ~ 1 ( Sj + A/a ) = + A/a 
so $ is the identity on F£° A as desired. 

In particular, the kernel of 4> 6 Aut (F£° A ) i-> $ is reduced to the identity, so 
this group homomorphism is injective. □ 

Theorem 2.5. Le£ A C B„ and let T be the subgroup o/SU(n, 1) such that 7 £ T 
i/ cmri cmZy i/ 7 I A I = A .If the span of A is C™ then the automorphism group 
ofF™ A isT. 

Proof. Let $ be an automorphism of F£° A . By Lemma (|2.3j) . we can extend the 

dual map $ on the spectrum A of F£° A into an automorphism $ of B„ which 

maps A onto itself. By Lemma (|2.4p . the map 4> £ Aut (F£° A ) n- $ is a group 

monomorphism into the group of homeomorphism of A . Now, by Lemma (|2.2I) , 

the map $ h-> $ constructed in Lemma (|2.3j) is also a group monomorphism. 

Indeed, if any two automorphisms of B„ agree on A then they must be equal. 

Since <f>t o certainly restricts on A S to $1 o $ 2 = <!>! o $ 2 , we conclude by 

uniqueness that $1 o $2 = <E>i o $2 for any $1, $2 £ Aut (-F^a)- Hence, the map 

$ e Aut (F~ A ) ^ $ e Aut (B„) is a group monomorphism. Moreover, by Lemma 

5] 

(|2.3j) , its range is included in the set of automorphisms of B ra which maps A to 
itself. The reverse inclusion is established by Lemma ()2.1j) . 

Thus, the map $ £ Aut (F^° A ) 1 — > $ £ Aut (B„) is a well-defined group 
isomorphism. This concludes the computation of the automorphism group of F£° A . 

'□ 



Remark 2.6. As a by-product of the proof above, we see that any automorphism 
of F£° A lifts uniquely to an automorphism of F£° . Even more: the group of au- 
tomorphisms of F£° A is the quotient of the group of automorphisms of F^ by the 
stabilizer subgroup of A/a- 



We conclude this section with the main result of this paper. Given a discrete 
subgroup r of SU(n, 1), when is the automorphism group of a quotient of F£° 
isomorphic to T? In general, it is not true that the automorphism group of F£° r ^ 
is r, as shown in the following example. 

z— - 

Example 2.7. Let T = {7™ : n £ Z} where 7 : z £ Bi n- } . Then the rotation 
of center and angle it is an ( elliptic ) automorphism of B„ which maps the orbit 
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r(0) o/0 forT to itself. Thus by Proposition (2.5\) . it is an automorphism of F£° A . 
Yet it is not an element of T, which only consists of hyperbolic automorphisms. 

In sight of Example (|2.7[) . it is only natural to define: 

Definition 2.8. Let T be a subgroup of SU (n, I). Let T be the stabilizer subgroup 
of the orbit T(0) of by T in SU(n, 1), i.e.: 

r = {7eSU(n,i):Vzer(o) 7 (z)er(o)}. 

Example (|2.7[) shows that T may be a strict subgroup of T. 

We can now put our results together to show that: 
Theorem 2.9. Let T be a discrete subgroup of SU(n, 1) such that: 

£(i-ii7(o)ii c »)<oo 

and the orbit T(0) of spans C n . Then the automorphism group of F^prm = 
i 7, ^°/A/"r(o) * s ^ e stabilizer subgroup T in SU(n, 1) ofT(0). Moreover, the action of 
r on -F^p(o) * s er 9°dic. 

Proof. By Proposition fjl.ll[) . the spectrum of F™ r , s is T(0). By Theorem (f2~5]l . 
the group of automorphisms of F£° r , Q -. is L. To ease notation, let r be the group 
isomorphism from L onto Aut (F£° A ) given by Theorem (|2.5[) . 

Now let a 6 ^^(o) sucn tnat ^ or all 7 G T we have r(7)(a) = a, so A G 
r(0) i — y a(A) is constant, equal to a(0). Hence a — a(0)l is on L(0) and thus 
ip — a(0)l € A/"r(o)7 i- e - a = cp + A/"r(o) = a(0)l is a scalar multiple of the identity. 
So r acts ergodically. □ 



We can deduce from Theorem (|2.9I) the following simple corollary, where the 
span condition is relaxed, but the relation between the original group and the 
automorphism group may be less clear. 

Corollary 2.10. Let T be a a discrete subgroup o/SU(n, 1) such that: 

£(i-ll7(o)|| c .)<°° 

and the orbit L(0) of spans C k with k < n. Then the automorphism group of 
-^iTr(o) = -^i? c /-^r(o) * s isomorphic to the stabilizer subgroup L in SU(fc, 1) of the 
image of L(0) by a unitary U of C" such that Ad U [T (0)) C C k x {0}. 

Proof. Let U be a unitary acting on C n such that A = UT(0)U* C C fe x {0}. 
Hence, the span of A is C fe x {0}. Now, write il for the automorphism of F£° such 
that il = Ad U. Now il maps A/"r(o) onto A/a and thus defines an isomorphism from 
-^rar-(o) onto s ^ m denoted by il. It is now easy to see that the quotient map 
F™ — > F™ A factors as F£° — > F fe °° — > F™ A = F™ A . Now by Theorem ([2~5]1, 
the group of automorphisms of F£° A is the stabilizer group L of A in SU (fc, 1). 

Last, we note that <f> G Aut (^F^° r ^ ^j i-)- ilo $ o il -1 is a group isomorphism onto 

Aut(F~ A ). ' □ 



12 



ALVARO ARIAS AND FREDERIC LATREMOLIERE 



We conclude that, using methods similar to the proof of Theorem (|2.5|) we can 
also prove that: 

Corollary 2.11. Let Ai and A2 be two subsets o/B„. Then there exists a com- 
pletely isometric isomorphic from F£° Ai to F^° A ^ if and only if there exists an 

automorphism 7 £ SU (n, 1) o/B„ such that 7 ^Ai^ = A2 S . 
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